Passive energy devices are well known due to their performance for vibration control in buildings subjected to dynamic excitations. Tuned mass damper (TMD) is one of the oldest passive devices, and it has been very much used for vibration control in buildings around the world. However, the best parameters in terms of stiffness and damping and the best position of the TMD to be installed in the structure are an area that has been studied in recent years, seeking optimal designs of such device for attenuation of structural dynamic response. us, in this work, a new methodology for simultaneous optimization of parameters and positions of multiple tuned mass dampers (MTMDs) in buildings subjected to earthquakes is proposed. It is important to highlight that the proposed optimization methodology considers uncertainties present in the structural parameters, in the dynamic load, and also in the MTMD design with the aim of obtaining a robust design; that is, a MTMD design that is not sensitive to the variations of the parameters involved in the dynamic behavior of the structure. For illustration purposes, the proposed methodology is applied in a 10-story building, confirming its effectiveness. us, it is believed that the proposed methodology can be used as a promising tool for MTMD design.
Introduction
e development of damping devices dates back to the beginning of the twentieth century when Hermann Frahm invented a device for damping vibrations in bodies, which was patented, as presented by Frahm [1] .
Recently, a rapid increase in the development and application of passive energy dissipation devices, such as base isolation systems [2] , viscoelastic dampers [3, 4] , friction dampers [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , and tuned mass dampers , has occurred. Passive control systems are designed to minimize the structural response under dynamic action without using an external power source. erefore, there are several advantages over active and semiactive systems, such as low installation and maintenance costs and large capacity to reduce vibration amplitudes, among others. e TMDs are divided into four categories: conventional TMD, pendular TMD, bidirectional and homogeneous TMD (BH-TMD) [48] , and tuned liquid column dampers (TLCDs) [49] .
e TMD considered in this paper is a conventional one, which is a passive control device consisting of a mass, a spring, and a viscous damper attached to a vibrating system to reduce undesirable vibrations. Due to its performance to reduce the response of structures to harmonic or random excitations, a large number of TMDs has been installed in high-rise buildings to reduce wind-induced vibrations, such as the 244 m high John Hancock Tower in Boston with a TMD consisting of two 270,000 kg lead and steel blocks, the 280 m high Citicorp Center Office Building in New York, with a TMD using a 360,000 kg concrete block, and the Terrace on the Park Building in New York City, in which a TMD was installed to reduce the vibration induced by dancing [50] .
A single TMD performs well in reducing the dynamic response of a structure under external excitation when the device is tuned to the first vibration mode of the structure [22] . However, this is a disadvantage because the device has low performance controlling the response of the upper vibration modes of the structure. A simple solution to overcome these shortcomings is the installation of multiple tuned mass dampers (MTMDs) in the structure.
e performance of MTMD depends on its parameters such as mass, stiffness, and damping. However, determining the number of devices to be installed and the best position in the structure, as well as optimum parameters in terms of spring stiffness and damping constant for each TMD, is a problem of great interest to the engineer designer.
In order to solve the problem mentioned above, optimization algorithms are used to minimize an objective function and to find an optimal solution of the problem. On the other hand, it is well known that in a dynamic engineering problem, there are a high number of uncertainties involved.
is leads to represent these uncertainties through probability distribution functions and involve them in the optimization process of passive dampers. us, the optimization process becomes more complex, and it is necessary to implement an optimization methodology capable of dealing with dynamic problems that involve uncertainties in the structural properties, in the MTMD properties, and in the seismic load.
us, this work presents a methodology of optimization under uncertainty to determine the optimal parameters of MTMD and its best positions in a single stage, i.e., simultaneously, in buildings subjected to earthquakes, with the aim of improving dynamic structural response in terms of minimizing maximum interstory drift. It is interesting to highlight that the optimization problem proposed in the present work is complex because (i) it is a problem of optimization of a dynamic system that involves uncertainties, (ii) it is a mixed-variable optimization problem, i.e., that involves discrete (position of each TMD) and continuous (parameters of each TMD) variables at same time, and (iii) its objective function is not convex.
Consequently, the problem of optimization under uncertainty of MTMD proposed in this work must be solved with the help of optimization methods able to deal with the complexity of this problem. In this case, the most appropriate is the implementation of a metaheuristic optimization technique, and some of its most important advantages are follows: (i) they do not require gradient information, (ii) they are not trapped in local minimums if they are adjusted correctly, (iii) they can be applied to nonconvex or discontinuous objective functions, (iv) they provide a set of optimal solutions, and (v) they can be implemented to solve optimization problems of mixed variables [51, 52] .
Among the heuristic algorithms, the Search Group Algorithm (SGA), recently proposed by the last author of this paper [53] , has shown to be very efficient and consequently was selected to solve the optimization problem proposed in the present work.
Proposed Methodology
is section presents the methodology proposed for the simultaneous optimization of MTMD taking into account the uncertainties. It presented the equations and procedures adopted to the problem formulation.
Structural Model.
e motion equation of a multidegree-of-freedom building with MTMD possibly located in all floors of the structure ( Figure 1 ) and subjected to earthquakes can be written as follows: 
is the vector that represents the base acceleration.
e TMDs contribution to [K] is illustrated in equation (2) . e procedure is analogous for the damping matrix. On the other hand, the mass matrix is diagonal [M] � diag M M TMD , and each damper mass (M TMD ) occupies a position in the principal diagonal:
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To solve equation (1), the authors developed a computational routine based on the Newmark implicit method, which is a direct method of integration of the motion equations in the time domain [54] .
Random Parameters of the Building.
In this work, it is adopted the parametric probabilistic approach to model uncertainties. is methodology is similar to the used by the authors in [11] , for friction dampers. Mass, stiffness, and damping of the shear building are assumed to be random variables. As these random variables cannot assume negative values, due to physical aspects, these three stochastic variables are modeled as uncorrelated random variables with Lognormal distribution, with known mean and coefficient of variation. In consequence, in each run of the subroutine, the structure presents different parameters. As the response of the building depends on these random variables, it also becomes random.
In addition, to consider uncertainties in the installed MTMD, their parameters of spring stiffness and damping constant are also assumed to be independent Lognormal random variables with known coefficients of variation and mean values given by the design variables.
Simulation of Random Seismic Excitations.
It is necessary to define the seismic loading to solve equation (1) . Hence, in this work, the seismic load is defined as a onedimensional earthquake loading that is simulated by passing a Gaussian white noise process through the Kanai-Tajimi filter [55, 56] with power spectral density (PSD) function given by the following equation:
where S 0 is a constant spectral density, related to the peak ground acceleration (PGA), and ω g and ξ g are the ground frequency and damping, respectively. Nevertheless, the optimal solution possibly will be different if the ground parameters of the Kanai-Tajimi spectrum are altered.
erefore, uncertainties in the ground excitation should be considered. us, to take into account the random nature of the dynamic excitation, the ground frequency ω g , the ground damping ξ g , and the PGA are assumed to be independent Lognormal variables with known mean and coefficients of variation. Consequently, in each run of the subroutine, a different earthquake time history is generated.
Robust Optimization Problem.
In this paper, the objective function used to evaluate the effectiveness of MTMD installed in buildings under seismic excitation is the expected value of the maximum interstory drift E[D max ], which is obtained by solving equation (1) in the time domain through the vector z ⟶ (t). e design variables are the MTMD parameters, i.e., spring and damping constants, considered as continuous design variables, and the positions in the structure of the MTMD, considered as discrete design variables.
erefore, given the possible positions (npTMD) in the vector P ⟶ for the maximum number of devices (nTMD) to be installed in the structure, it is of interest to determine the optimum position and optimal parameters (spring and damping constants) of each TMD to minimize the expected value of the maximum interstory drift. e design variables are grouped into the vector
. us, the optimization problem can be placed as follows:
is optimization problem may be solved through the Search Group Algorithm summarized in the next section.
Search Group Algorithm (SGA)
As explained previously, the optimization problem presented in this work is complex, involving uncertainties and mixed variables and not convex objective function. erefore, this sort of optimization problem must be solved by methods capable of handling these characteristics. Within optimization methods, heuristics techniques are best suited to solve such optimization problems.
e Search Group Algorithm (SGA), developed by the last author of this paper in 2015 [53] , has shown to be accurate and efficient among several heuristic algorithms. Due to its characteristics, the SGA was chosen for solving the MTMD optimization problem proposed in this work. A brief explanation of the SGA is presented below.
e SGA has a good balance between the exploration (the search of promising regions on the domain at the first iterations of the optimization process) and exploitation (the algorithm refines the best design in each of these promising regions at each iteration). e first step in the optimization process is the random generation of the initial population PP on the search domain; the second step is the objective function evaluation for each individual of the PP population, and after that, the search group R is constructed by selecting n g individuals from PP applying a standard tournament selection; the mutation of the search group is the third step and it consists in replacing n mut individuals from R by new individuals away from the current position, generated based on the statistics of the current search group, and the probability of a member to be replaced depends on its rank in the current search group, i.e., the worse the design is, the more likely it is to be replaced; in the fourth step, each member of the search group generates a family, this is, the set comprised by each member of the search group and the individuals that it generated, in which the number of individuals that each member of the search group generates depends on the quality of its objective function; finally, when the iteration number is higher than it max global , the selection scheme is modified: the new search group is formed by the best n g individuals among all the families. is phase is called local because the algorithm will tend to exploit the region of the current best design.
For more details about the SGA, refer [53] . It is interesting to highlight that the authors have made available for implementation the MATLAB codes of SGA for free download on the MathWorks site.
Results and Discussions

Simulated Structure.
To illustrate the effectiveness of the proposed method in optimum design of MTMD, as well as to evaluate the capacity of MTMD in improving the performance of structures under seismic excitation, a 10-story building, modeled as shear building (Figure 1 ) is studied.
Random Parameters of the Building and Excitation.
As explained previously in Sections 2.2 and 2.3, the structure parameters, such as mass, stiffness, and damping, the MTMD parameters, as spring and damping constants and also the seismic load parameters, such as PGA, ground frequency, and ground damping, are all modeled as uncorrelated random variables with Lognormal distribution, with known coefficients of variation and mean values. ese mean values and coefficients of variation of each parameter are presented in Table 1 .
Latin Hypercube Sampling (LHS).
is work proposes a methodology for robust optimization of MTMD installed in structures subjected to artificial seismic excitation taking into account the uncertainties present in both structure and excitation, in order to minimize the expected value of the maximum interstory drift.
us, as explained previously, many parameters are modeled as random variables.
In this context, in order to reduce computational cost, the Latin hypercube sampling (LHS) is used, which provides an efficient way of generating variables from their multivariate distributions, taking samples from equally probable intervals [57, 58] . e scheme developed by McKay et al. [59] selects different values of a random variable as follows: the domain of the random variable is divided into n nonoverlapping intervals of equal probability. A value of each interval is chosen randomly with respect to the probability density in the interval. e choice must be made in a random manner with respect to the density in each interval; i.e., the selection should reflect the height of the density across the range. For more information about the LHS, refer [59, 60] .
Robust Optimization of MTMD.
e robust design optimization of MTMD in order to minimize the expected value of the maximum interstory drift E[D max ] is developed in this section. As previously explained, the objective function requires the determination of vector z ⟶ (t) which is obtained by solving equation (1) . For this, a computational routine was developed based on the Newmark method.
Considering the 10-story building, modeled as shear building, i.e., 10 degree of freedom, there are ten possible locations to install a maximum of ten TMD (one for each story). us, constraints are the number of possible locations for the dampers (npTMD � 10), the maximum number of devices to be installed in the structure (nTMD � 10), the allowed limit for the expected value of the spring constant of each device (5 kN/m ≤ E[k TMD ] ≤ 5000 kN/m), and the allowed limit for the expected value of the damping constant of each device (1 kNs/m ≤ E[c TMD ] ≤ 1000 kNs/m). Positions and parameters (stiffness and damping constants) of the MTMD are discrete and continuous design variables, respectively. e total mass of the MTMD is assumed to be 3% of the total mass of the building. e random earthquakes are Regarding the parameters of the SGA, it is considered that the population n pop � 100 individuals, the number of iterations it max � 100, the percentage of it max dedicated to the global phase is 30%, and the percentage of n pop that makes up the search group is 30% of n pop . us, two independent runs were performed, and the results are presented in Table 2 . Table 2 shows that the expected value of D max in the two independent simulations is practically the same (around 1.59 cm), indicating that the proposed methodology is robust. It is also interesting to note that the optimal positions obtained in the two independent simulations are the same, as indicated in P ⟶ ; these positions are the eighth, ninth, and tenth stories, and the expected values of the spring and damping constants are also similar in the two simulations. For purposes of illustration, Table 3 presents the statistical moments of D max for the case of an uncontrolled structure and for the case of the structure equipped with the robust design of MTMD shown in Table 2 .
e percentage reduction of the expected value and the variance of D max obtained after the installation of the three optimized TMDs are also shown in Table 3 , resulting in values greater than 59% for the expected value and for the variance.
In addition, Figure 2 shows the frequency diagrams (unit area histograms) constructed with the D max observations for the case of the uncontrolled structure (red histogram) and for the case of the controlled structure (blue histogram) and with the help of the statistical moments shown in Table 2 was possible to adjust a Lognormal probability density function to the two histograms representing the random variable D max for the case of the uncontrolled structure (red curve) and for the case of the structure equipped with the robust design of MTMD (blue curve).
Looking at Figure 2 , it is interesting to note how the blue curve is slenderer compared to the red curve due to the reduced D max variance after installing the robust design of MTMD. is demonstrates the performance of the methodology, since even though it is a robust optimization methodology of a single objective function, the capacity in terms of reduction of a second parameter (in this case the variance) was satisfactory.
To demonstrate the effectiveness of the proposed method in different ways, the optimum solution obtained in simulation 1 of Table 2 is compared to the response of the structure analyzed with five alternative methods ( Table 4) . Alternative 1 is to locate the optimized MTMD (robust solution of simulation 1) at others positions than optimal locations, however keeping the same parameters, that is, the same spring constant k TMD and damping constant c TMD . Alternative 2 is to add one TMD in each story, totalizing 10 TMDs, however keeping the same total spring and damping constants. Alternative 3 is to add just one TMD at the top, keeping the same total spring and damping constants. Alternative 4 is to perform a robust optimization of the mechanical parameters (E[k TMD ] and E[c TMD ] ) using the methodology proposed in this paper, however considering a single tuned mass damper located at the top of the structure, using the SGA with a population n pop � 100 individuals and the number of iterations it max � 100, i.e., the same SGA parameters of the robust design of MTMD. Finally, alternative 5 is to perform the robust optimization of MTMD using Genetic Algorithm with the same parameters in terms of population and iterations utilized in the robust design and in alternative 4. It is important to note that the total TMD mass is the same in all cases, equal to 3% of the total building mass.
As can be seen in Table 4 , the objective function (E[D max ]) obtained with the alternative method 1 is 15.11% Table 2 : Robust design of MTMD.
Run
Positions greater than that obtained with the proposed method (robust design). Additionally, E[D max ] obtained with the alternative methods 2, 3, 4, and 5 is 70.78%, 33.56%, 1.83%, and 0.94%, respectively, greater than the value obtained in the proposed robust design. erefore, the proposed methodology achieves better results than all the tested alternative methods. e second and third best results were obtained with alternative methods 5 and 4, respectively; it is important to note that these two alternative methods (4 and 5) perform a robust optimization following the proposed methodology, only changing the SGA by GA (in the case of alternative method 5) and fixing only 1 TMD at the top and optimizing its parameters with the proposed methodology for the case of the alternative method 4. It is interesting to note that alternative method 5, despite reaching values close to those obtained with SGA, required a higher computational time (for the same population size and iteration number). In addition, alternative method 4, which considers only 1 TMD at the top, despite achieving results close to those obtained with MTMD, has the disadvantage of controlling only the first mode, and it concentrates all the additional mass of the TMD at the top of the structure, whereas MTMD are able to control more vibration modes, and they distribute the total mass of the TMD according to the number of TMDs.
For purposes of illustration, considering only the expected value of the structural properties, that is, coefficient of variation equal to zero for all parameters, and a seismic excitation generated using the expected value of the parameters and assuming that the coefficient of variation is zero, Figure 3 shows the maximum interstory drift before and after the installation of the MTMD robust design.
Next, in Table 5 , the maximum interstory drift per floor before and after the installation of the robust design is presented, evidencing the effectiveness of the MTMD, reaching reductions between 45% and 64%.
us, as can be seen in Table 5 , the greatest maximum interstory drift is at the first story. erefore, in order to observe the behavior of the structure in terms of the relative displacement between the first floor and the ground, Figure 4 shows the structural response over the duration of the earthquake and Figure 5 shows the displacement at the top of the building, for the uncontrolled and controlled structure.
Conclusions
It is well known that passive dampers increase the energy dissipation capacity in buildings.
us, in recent years, engineers have been concerned with the optimal implementation of passive energy dissipation devices and among the most used passive devices is the TMD.
However, until nowadays, several research works have not considered the uncertainties present in the structure and in the parameters of the device. For this reason, the main contribution of this research is a methodology that provides an optimal and robust design of multiple tuned mass dampers (MTMDs) .
e methodology developed considers the uncertainties in the mechanical properties of the structure, in the mechanical properties of the MTMD, and also in the properties used for the generation of artificial earthquakes. Uncontrolled structure Robust design Figure 3 : Maximum interstory drift per story for uncontrolled structure (red curve) and controlled structure (blue curve), for coefficient of variation equal to zero for all parameters. 6 Shock and Vibration e proposed methodology is constituted by the SGA optimization algorithm that is able to provide in a single stage, i.e., simultaneously, the optimum values of the mechanical parameters of MTMD and their positions in the structure. On the other hand, the performance of the proposed methodology is evaluated with a computational routine developed by the authors based on the Newmark method that allows computing the structural response of buildings subjected to seismic excitation and equipped with MTMD. To consider uncertainties in the parameters involved, the Monte Carlo simulation was used to determine the expected value of the maximum interstory drift in the structure, that is, the objective function to be minimized.
It is interesting to note that the response reduction performance was expressed in terms of reduction of the expected value of the maximum interstory drift of the building; however, the proposed methodology is flexible, allowing the user to change the objective function.
Additionally, the methodology proved to be robust, since, after two independent runs, it delivered two very similar solutions, that is, the same number of TMDs with similar mechanical parameters and located in the same positions (floors 8, 9, and 10). Both solutions allowed reducing the objective function around 60%.
Moreover, the comparison of the proposed methodology with five alternative methods showed that the proposed method resulted in the lowest maximum interstory drift in all cases. e second and third best results were obtained with alternative methods 5 and 4, respectively; it is important to note that these two alternative methods (4 and 5) perform a robust optimization following the proposed methodology, only changing the SGA by GA (in the case of alternative method 5) and fixing only 1 TMD at the top and optimizing its parameters with the proposed methodology for the case of the alternative method 4. erefore, these two alternative methods (4 and 5) also serve to prove the effectiveness of the methodology proposed in this work.
It is also interesting to highlight that, for a usual PC (an Intel Core i7-4700MQ 2.4 GHz CPU and 12 GB RAM), the computational cost required to carry out the proposed robust optimization was satisfactory for this sort of dynamic problem, highlighting another advantage of the developed methodology.
Finally, due to its performance, the proposed methodology can be recommended as an effective tool to carry out the optimum design of MTMD. us, this work showed that the design of passive devices for the vibration control as MTMD can be accomplished in an economic and safe way, reducing costs and optimizing the resources.
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